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The present note is devoted to an extension of theopems of /U21%

note [15], that supplements earlier obtained results [1b] con-
cerning the spectrum of single-dimensional and multi-dimensional
differential operators on vector-functions. |

ALet‘a 2(O,oo) be a Hilbert space of véctor—functions y(x)=

= {y }§=1(m<®) with scalar product

(v, 2) = y,(x)z, (0 dx,

Opfag
e

—

.3

and 1[y] be a differential operation of the form

Lyl =(=D"y¥"+Q@)y (0<x<o) (1)
where Q(x) is a Hermite matrix-function of the m-th order. The -
least and, respectivély, the greatest eigenvalue of matrix Q(x)
let us designate by u(x) and v(x). By L let us designate any
self-adjoint expansion of an operator with minimal area of deter-
mination generated in .%b(o,m) by operation (1). The negative
part of any function f(x) let us designate by f¥(x), such that
f¥(x) = min {0,f(x)}.

The use of lemma 1 ofinote [la], where one must replace

functional @é[y] by functional
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Oyl =| S urwpar+{ S ontoy @it +
‘ 0 h=] 0 [, h=1
+e{ 3 5 0 e,

Re=1

leads to the follbwing results.

Theorem 1. If in the case of any 6>0 is fulfilled the in-
equality L P
\ 1o () 1dx < 50,

My

where M, is the set of values x, for which |ﬁ*(X)|z§5 then the

negative part of the spectrum of operator I is bounded below and

discrete.
Assuming, further, _ _ ’ C/h22
o (2.'1-—- 1)!! - n 1)lt-l(h~1 1 B
Lp = _5" ’ /Lx = (4." —_ ]) ' R ’,‘" 2J (:'l — 1 )',
h-l
' : h I - — — -

Cpatle— Gt \2( )" Ch S ENTIGTTTr

-~ 3 41 D lhk—1 L) dn—3 -4k & 2n=—k !

- - . !f_-l ] L)

let us mentién the following two theorems.

Theorem 2. The negative part of the spectrum of operator
L consists of a finite number of eigenvalues, if one of the fol-
lowing conditions is fulfilled:
1. ﬂ(X)z_ed;xtzn in the case of ‘large X.
2. In the case of any 6>0

| 2 e w lax <0,
Mg

where IVI(S is the set of Valuesix for wﬁich

1pm1(ﬂ"®f”._w



3. In the case of some p>1

- :
S X () P dx < o
o -

4.

Theorem 3. The negative part of the spectrum of operator
L is an infinite set if one of the following conditions is ful-
fllled.
1. In case of some §>0 and 1arge X

/ ~z Y(X) < (a'- : 0} l—"‘ﬂ. 'J/\

AN 0T R ’ -

2. v(xQ§:0.in‘éase of large values of x and

" lim inf pin—1 S V(%) | dir> a8 / _

PO
e

3. v(x) < —-d;xfzn in the case of large x and

.. @ro

lim ir_l,flnpg 7y (x) 4 ane T [ax> Ba.
<]

'iqv(x)dx = —

In condltlons 2 and 3 one can replace 1lim inf by 1lim .
p-—)-oo pk—>co

Theorems 1-3 are connected with the oscillation properties

of ‘the system of differential equations
DY Q@Y =ly 0<0),

that were studied by Sternberg [2] in the case of n =1. Condi-

tions 1 of theorem 2 and 1 of theorem 3 give an extension of the

well-known theorem of Knezer concerning the oscillation of solu-

tions of a differential equation of the second order. In the case

of n = 1 one can obtain the following refinement of condition 1 of

theorem 3 that for the case of a differential equation of the

ALK



second order was given by Hille [3] (see also [47).
Theorem 4. If in the case of some §>0 and some natural r
for all sufficiently large values of x occurs the inequality

. 1 1 s
VO <—gE T aEw T T i

~ " n- ¥
4 In“x. . dnfx

- iR

where 1n. x =.lniﬁ fhen the négé%ivé part of the spectrum of

X

k k-17?
operator L consists of a finite number of eigenvalues.

The presented results are partially extended to multi-dimen-

sional differential operations on vector-functions of the form

] = — Au+Q (P)u, (2)

where P is a point of n-dimensional Euclidean spaceiﬁ} Q(P) is a

Hermitian matrix-function of the m-th order determined in aLl%).

Operation (2) generates in Hilbert space Eﬁé(kﬂ) of vector-
functions u(P) =" (P)} _; with scalar préduct

; > i (Pyun (P)dwp.
i & k=1 : '

.‘l (u’ V)=S

some differential operator L with a minimum area of determination.

Let u(P) be the least eigenvalue of matrix Q(P) and ﬁ*(P) =
=~mih{0, u(P)}. Let us present, for example, a formulation of
fhe theorem that corresponds to theorem 1, and let us prove it
for m = 1, n = 2 (in this case u(P) = Q(P)).

Theorem 5, If in the case of 6>0 the integral

S |ks (P)|dr,

 where o . i
«py = [F (P (2] >,
e ={0 b (PY| <5,



converges uniformly along angular coordinates, then:

1) operator L with a minimum aréa of detérmination (see
[l1cl) is self-adjoint;

2) the negative part of the spectrum of opérator L is
semi-bounded below and discrete (that is, consists of éigénvalues

of finite multiﬁlicity with a single possible limiting point A= 0)..
Proof. Convertlng the quadratic functlonal

'@,[u]::S%]Vu| rdraq-&&\ Qluffrorde+e jg[u; rdrdo
@) :3» @ )
to any f1n1te functlon u@,D with the help of the substitution of
variables w r = v, let us obtain 5
q».m=‘Sg|vu§2drd?+g"[cz(r, o)-u-i,f]{ui drde +e vaa'rdcp..
&) @) . . - S .
In the case of randomly aSsignéd e (0<e<1) let us select a wArls

number N such that there would be

' KxQﬂtr; a:»},!dr<% {
W .

and let us show that the functlonal

(I)‘{u] = %d:% { ‘\70 —§-1Q (r, _;) "r/;‘“ }—&]}v]z} dr /

] .
is nonnegative on any finite function VE]DL that equals zero in
the range r<N.

From the Cauchy-Bunyakovsky inequality it follows that

3
d,

:mca o © on
S‘[Vul'd,do>/\ds\ % Fir > {Sgo( jd?]
ON ) 1{ ‘ 0' T _
where the function v(r, ¢) is normallzed by the condltlon
Sd,g;u;°dr=3
0 N '



and

36 = mx [o(r, 9 f

Let us consider two cases separately:

2n on :
1. T oy i - | 2. L Lol
V1o (e)i'd7 <= : S|v(¢)|2d¢>s.
(4] . o 0 .
In the first case .
@.[u],/ﬂ \Q r, o)tv]drda—}-ei;-glvl"'a'rd?;;
A iN '

' /
l

2§ ( °§Q' ,fy)]drdm-}-e (1—§).>0.
0 . - -

In the second case

g 2

o >4 {(156) e +

- "
1_/14

e albmrdrd,
N

e

such that

.97

_‘D;[u}}-—% S]v(a)l“dOL 'v(o)] d?—e_]>0

and inequality,@e[ujiolis established.

From the given inequality first of all follows'[ld]‘thé semi-
boundedness of operator L below, and from. that, according to a
theorem of A. Ya. Povzner, the self-adjointness of operator L

follows.

Further from this inequality on the basis of [1d] and of
lemma 1 [la] lét us conclude that the negative part of the spectrum

of operator L is discrete. The theorem is proven.

V. I. Lenin Kharkov Polytechnical Institute
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‘the negative part of the spectrum of operator L is discrete
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